By using a class of 'anyon like' representations of permutation algebra, which pick up nontrivial phase factors while interchanging the spins of two lattice sites, we construct some integrable variants of SU(M) Haldane-Shastry (HS) spin chain. Lax pairs and conserved quantities for these spin chains are also found and it is established that these models exhibit multi-parameter deformed or nonstandard variants of Y (gl M ) Yangian symmetry.
Introduction
As is well known, one dimensional integrable models with long ranged interactions have recently found wide range of applications in diverse subjects like fractional statistics, random matrix theory, level statistics for disordered systems, quantum Hall effect, Yangian algebra, etc. . In particular, the SU(2) Haldane-Shastry (HS) spin chain [3, 4] , along with its SU(M) as well as supersymmetric generalisations [15] [16] [17] [18] and its deformation through twisted boundary condition [19] , provides us interesting examples of exactly solvable models which share many properties of an ideal gas, but with fractional statistics. Furthermore, it is found that the conserved quantities of SU(M) HS spin chain, represented by the Hamiltonian
where P ij is the permutation operator interchanging the 'spins' (taking M possible values) of i-th and j-th lattice sites, lead to a realisation of Y (gl M ) Yangian algebra [10] . Such Y (gl M ) Yangian symmetry of HS spin chain (1.1) can be revealed in an elegant way by treating it as the 'static limit' of dynamical spin Calogero-Sutherland (CS) model with Hamiltonian given by
where β is a coupling constant [11] . Moreover, by exploiting the above mentioned connection between HS spin chain and dynamical spin CS model, it is also possible to construct a class of exact eigenfunctions for the spin model (1.1). It turns out that this class of exact eigenfunctions leads to all highest weight (HW) states of Y (gl M ) Yangian algebra, which appear in the reducible Hilbert space of HS spin chain. Consequently, by applying Yangian descendent operators on such HW states, one can obtain the complete set of eigenfunctions for the SU(M) HS spin chain.
However, it is found recently that the permutation algebra given by P 2 ij = 1, P ij P jl = P il P ij = P jl P il , [P ij , P lm ] = 0 , (1.3) (i, j, l, m being all different indices), admits a class of 'anyon like' representations (P ij ) which depend on some discrete as well as continuous parameters and act on the spin space associated with CS model as [24] P ij |α 1 α 2 · · · α i · · · α j · · · α N = e iΦ(α i ,α i+1 ,···,α j ) |α 1 α 2 · · · α j · · · α i · · · α N , (1.4) where α i ∈ [1, 2, · · · , M] and the real phase factor Φ(α i , α i+1 , · · · , α j ) is defined in the following way. Suppose, φ σσ s (σ ∈ [1, 2, · · · , M]) are some discrete parameters each of which may be chosen as 0 or π, and φ γσ s (γ = σ) are continuous parameters which may take any real value satisfying the antisymmetry property: φ γσ = −φ σγ . As a function of these M number of discrete parameters and M(M − 1)/2 number of independent continuous parameters, the phase factor appearing in eqn. (1.4) is defined as
where n τ (= j−1 p=i+1 δ τ αp ) denotes the number of occurrence of a particular spin orientation τ in the configuration |α 1 · · · α i · · · α p · · · α j · · · α N , when the index p in α p runs from i + 1 to j −1. It is obvious that, the phase factor (1.5) becomes trivial for the simplest choice of discrete and continuous parameters given by: φ γγ = φ γσ = 0 for all σ, γ. Therefore, at this limiting case,P ij (1.4) would reproduce the standard representation of permutation algebra (P ij ) which appears in the Hamiltonians (1.1) and (1.2) . However it is evident that, for all nontrivial choices of the parameters φ γγ and φ γσ ,P ij (1.4) would pick up nonvanishing phase factors (1.5) which depend on the spin configuration of (j − i + 1) number of particles. By using such 'anyon like' representations of permutation algebra, one can construct integrable variants of spin CS Hamiltonian (1.2) as
, (1.6) and demonstrate that this class of Hamiltonians can be solved exactly by taking appropriate projections of the known eigenfunctions of Dunkl operators [24] . Interestingly, it is found that the eigenvalues and eigenfunctions of some spin CS Hamiltonians, belonging to class (1.6), differ considerably from those of the standard spin CS model (1.2) . It is also revealed that, the symmetry of Hamiltonian (1.6) depends crucially on the discrete parameters which appear inP ij (1.4) , and may be given by an extended (i.e., multiparameter deformed or nonstandard variant of) Y (gl M ) Yangian algebra [25] . Moreover it turns out that the quantum R matrices, which generate the extended Y (gl M ) algebras, coincide with the rational limit of some trigonometric R matrices appearing in the algebraic Bethe ansatz of asymmetric six vertex model [26, 27] , its various generalisations [28] and Heisenberg spin chain with Dzyaloshinsky-Moriya interaction [29] .
In analogy with the case of dynamical CS models (1.6), we may now consider a novel class of HS like spin chains with the general form of Hamiltonian given by Yangian algebra. In this way, we are able to find out the full spectrum and complete set of energy eigenfunctions for the related HS like spin chain with nonstandard Y (gl 2 ) Yangian symmetry. In sec.5, we also establish a relation between some spin chains, belonging to class (1.7), and supersymmetric versions of HS spin chain. Sec.6 is the concluding section.
Conserved quantities of HS like spin chains
In this section our aim is to find out the conserved quantities associated with HS like spin chain (1.7), for all possible choice of correspondingP ij . For this purpose, it is convenient to briefly recall the procedure [11, 18] 
It is easy to check that these operator valued elements and Hamiltonian (1.1) satisfy the following Lax equations:
where X αβ i acts like |α β| on the spin space associated with i-th lattice site and leaves the spin spaces associated with all other sites untouched. The Lax equation (2.2c) is also called as 'sum-to-zero' condition [8, 9] for the elements of M HS matrix. By using eqns.(2.2a-c), one can verify that the operators given by
where n ∈ [0, 1, · · · , ∞] and α, β ∈ [1, · · · , M] would represent the conserved quantities of Hamiltonian (1.1). Now, in close analogy with the previous case, we propose that the elements of Lax pair (L HS and M HS ) associated with the HS like spin chain (1.7) may be written as
whereP ij (=P ji ) is given through eqn. (1.4 
Moreover, it is obvious that the elements of M HS (2.4b) also respect the 'sum-to-zero' condition: N k=1 (M HS ) jk = 0. However, one may curiously observe that an equation of the form: H HS , X αβ j = N k=1 X αβ k (M HS ) kj , is no longer satisfied except for the limiting caseP ij = P ij . So, it is necessary to find out an appropriate generalisation of operator X αβ i which would satisfy a Lax equation analogous to (2.2b). To this end, we notice that the 'anyon like' representation (1.4) can also be expressed through the operator relatioñ
where l > i + 1, S il =P i,i+1Pi+1,i+2 · · ·P l−2,l−1 and Q ik , which acts like a matrix Q on the direct product of i-th and k-th spin spaces (but acts trivially on all other spin spaces), is given by
It should be noted that the above Q matrix contains all continuous as well as discrete parameters which are present in eqn. (1.4) . So there exists a unique correspondence between this Q matrix and 'anyon like' representation (1.4) of permutation algebra. At the limiting case Q ik = 1l, which is obtained from eqn.(2.7) by choosing φ γγ = φ γσ = 0 for all σ, γ,P ij (2.6) evidently reproduces the standard representation P ij . Moreover it can be checked that, for any possible choice of related continuous and discrete parameters, the Q matrix (2.7) satisfies the following two equations:
With the help of these two equations, one can interestingly prove thatP ij (2.6) indeed
gives a valid representation of permutation algebra (1.3).
By using the Q matrix (2.7), we may now define a set of nonlocal operators as So we curiously find that, through the introduction of nonlocal operatorX αβ i , it is possible to obtain the above Lax equation which is an analogue of (2.2b) for the present case. Now, by applying Lax equations (2.5) and (2.11), and also using 'sum-to-zero' condition satisfied by the elements of M HS (2.4b), one can verify that the operators given by 3
Symmetries of HS like spin chains
It is already mentioned that the symmetry of SU(M) HS spin chain is given by the 
Here u and v are spectral parameters and the
matrix, having c-number valued elements, is taken as
Associativity of Y (gl M ) algebra is ensured from the fact that the above R matrix satisfies the Yang-Baxter equation (YBE) given by
where a matrix like R ab (u − v) acts nontrivially only on the a-th and b-th vector spaces.
The conserved quantities (2.3) of SU(M) HS spin chain yield a realisation of the above mentioned monodromy matrix which generates the Y (gl M ) Yangian algebra.
Now, for finding out the symmetry algebra associated with conserved quantities (2.12), we consider a rational R matrix of the form
where Q 00 ′ acts exactly like Q ik (2.7) on the direct product of 0-th and 0 ′ -th auxiliary spaces:
It is interesting to notice that, the above defined R matrix (3.4a) coincides with the rational limit of a trigonometric solution of YBE related to some asymmetric vertex models [28] . Moreover, by using the conditions ( it may be noted that, if the discrete parameters are chosen as φ σσ = 0 (or, φ σσ = π) for all σ, the Q matrix (3.4b) can be rewritten in the form 
and, by following Ref.11, define another space Γ where a general state vector is given by
with α i ∈ [1, 2, · · · , M] and n 1 n 2 · · · n N being a permutation of 1 2 · · · N. So, the space Γ is obtained by enlarging the Hilbert space S through some discrete coordinate (n i ) degrees of freedom. One may now define some operators which act nontrivially only on the coordinate part of state vectors associated with space Γ:
z i |n 1 n 2 · · · n i · · · n N = ω n i |n 1 n 2 · · · n i · · · n N , K ij |n 1 n 2 · · · n i · · · n j · · · n N = |n 1 n 2 · · · n j · · · n i · · · n N ,
where ω = e 2iπ N . It is easy to check that the above defined operators satisfy the algebraic relations given by
i, j, l, m being all different indices. With the help of theseẑ i , K ij , one can define Dunkl operators of the form
whereθ ij =ẑ î z i −ẑ j and show that such Dunkl operators satisfy the commutation relations given by
where k = i, j. These commutation relations will be used shortly for finding out a concrete realisation of extended Y (gl M ) algebra.
Next, we consider all state vectors of Γ which satisfy the following relation:
where the action ofP ij is defined by eqn.(1.4). These state vectors would form a subspace of Γ, which we denote by Γ * B . By using eqns.(3.12) and (3.7), it is easy to verify that coefficients of |χ now satisfy an 'anyonic' symmetry condition:
where Φ (α i , α i+1 , · · · , α j ) is given by (1.5) . Due to the existence of above symmetry condition, only the knowledge of coefficients like χ α 1 α 2 ···α N 12······N is sufficient to construct any |χ belonging to space Γ * B . Consequently, it is possible to establish an isomorphism between the spaces Γ * B and S through the one-to-one mapping: π * |χ = |Ψ , where the coefficients of |Ψ and |χ are related as
It is clear from eqn. (3.13 ) that, at the limiting case Φ = 0, Γ * B would represent a bosonic space (Γ B ) where the wave functions remain invariant under the simultaneous interchange of spin and coordinate degrees of freedom. Thus, at this limiting case, π * would reproduce a mapping π which was used earlier [11] for defining an isomorphism between the spaces Γ B and S. Now, by using the Dunkl operators (3.10) and Q matrix (3.4b), we propose the following monodromy matrix whose elements are some operators on space Γ * B :
where
With the help of eqns.(2.8) and (2.6), it may be checked that: T 0 (u) , K ijPij = 0. Consequently, the monodromy matrixT 0 (u) (3.15) preserves the 'anyonic' symmetry (3.13) of state vectors belonging to space Γ * B . So, by using the mapping π * defined through eqn. (3.14) , we may construct an image (π * [T 0 (u)]) of the monodromy matrix (3.15) on space S as
It is worth noting that, at the limiting case Q = 1l, eqn.(3.17) reduces to Next, we want to derive a few simple relations which are needed for establishing a connection between the conserved quantities (2.12) and our realisation (3.17) of extended Yangian algebra. First of all, by using the standard expression: P 0i = M α,β=1 X αβ 0 ⊗X βα i and conditions (2.8) on Q matrix, we find that the operator l P 0i (3.16b) may be rewritten in a compact form given by
With the help of above expression and commutation relations (3.11), one can further show
where T βα n s are the conserved quantities (2.12) of HS like spin chain. Finally, by using eqn. (3.19) , we find that the monodromy matrix (3.17) can be expressed through its modes
(3.20)
One may curiously notice that, apart from the conserved quantities (2.12) which are derived from the Lax equations, the operator Ω 0 also appears in the mode expansion (3.20) . But it seems that, by applying Lax equations ((2.5),(2.11)), it is not possible to determine whether this Ω 0 would also commute with the spin chain Hamiltonian (1.7). 
where Ω αα s are operator valued elements of the diagonal matrix Ω 0 : Ω 0 = M α=1 X αα 0 ⊗ Ω αα . By using the relation (3.21), we may now easily verify that Ω 0 and Ω αα indeed commute with the Hamiltonian (1.7). Thus we observe that, HS like spin chains apparently possess some additional conserved quantities (Ω αα ) which become trivial at Q = 1l limit, i.e., for the case of SU(M) HS model. 
where ρ αγ = e iφαγ . Thus we are able to explicitly derive here the symmetry algebra associated with HS like spin chain (1.7). It may be noted that, at the special case ρ αγ = 1
and Ω αα = 1l for all α, γ, the algebra (3.22) reduces to standard Y (gl M ) Yangian and reproduces the commutation relations among the conserved quantities of SU(M) HS spin chain.
A class of exact eigenfunctions for HS like spin chains
As was mentioned in sec.1, by exploiting a connection between spin chain (1.1) and
dynamical CS model (1.2), one can construct a class of exact eigenfunctions for the SU(M) HS spin chain [11] . In the following, our aim is to pursue a similar approach for the HS like spin chain (1.7) and construct its eigenfunctions which may be related to the HW states of extended Y (gl M ) algebra. To this end, we consider again the spin space S where a general state vector is written in the form (3.6) . Moreover, we fix our convention by saying that the i-th lattice site contain 'up' spin if α i = 1, and 'down' spin if α i = 1.
Notice that any state vector of S, containing only m number of 'down' spins, may also be expressed in the form: |Ψ m = {γ i },{n i } ψ γ 1 γ 2 ···γm n 1 n 2 ···nm |γ 1 γ 2 · · · γ m ⊗ |n 1 n 2 · · · n m , where n i denotes the position of i-th 'down' spin (1 ≤ n 1 < n 2 < · · · < n M ≤ N) and γ i ∈ [2, 3, · · · , M] represents the precise orientation of this 'down' spin. Such m-magnon states will span a subspace of S, which we denote by S m .
Next, we define another space S m , where the form of a general state vector is apparently same as the above described m-magnon state:
However, at present, there exist no ordering among n i s which appear in |n 1 n 2 · · · n m , and these n i s may freely take all possible distinct values (i.e., n i = n j when i = j ) ranging from 1 to N. Moreover, the coefficients like ψ γ 1 γ 2 ···γm n 1 n 2 ···nm are required to satisfy the following 'anyonic' symmetry condition:
2) that, only the knowledge of coefficients ψ γ 1 γ 2 ···γm n 1 n 2 ···nm , with 1 ≤ n 1 < n 2 < · · · < n M ≤ N, is sufficient to construct the state vector |ψ m (4.1). Consequently, there exists an isomorphism between the spaces S m and S m , and one might regard S m itself as the m-magnon space. So, we may consider a mapping p m , which projects the state vectors of S to the m-magnon space S m : p m |Ψ = |ψ m , where the coefficients of |ψ m are defined for the case 1 ≤ n 1 < n 2 < · · · < n M ≤ N as Though it is possible, in principle, to explicitly find out the matrix elements of p m [H HS ] by directly using eqn.(4.4), we wish to apply an easier alternative method for this purpose. To this end, however, we find that it is convenient to fix a few continuous and discrete parameters appearing in the phase factor (1.5) as Next, we consider another mapping q m which projects the state vectors of Γ * B to space S m : q m |χ = |ψ m , where the coefficients of |ψ m (4.1) and |χ (3.7) are related as
with n 1 n 2 · · · n m n m+1 n m+2 · · · n N being a permutation of 1 2 · · · N. Due to eqns.(3.13) and
(4.5), the coefficient χ γ 1 γ 2 ···γm 1 1 ··············· 1 n 1 n 2 ···nmn m+1 n m+2 ···n N would remain invariant under the simultaneous interchange of any two 'up' spins and corresponding coordinate indices. So, for defining q m , we may freely take any permutation of coordinate indices n m+1 n m+2 · · · n N in the r.h.s. of eqn.(4.6). Again, the mapping q m may also be used to project an operator (say, A) from space Γ * B to space S m . This projection is defined through the relation
where |χ is an arbitrary state vector of Γ * B . By applying now the relations (3.14) and (4.6), we interestingly find that the composite mapping q m · (π * ) −1 is exactly equivalent to the mapping p m defined through eqn.(4.3). 
Thus one can evidently write
where |ψ m is given by (4.1) and
with θ ′ kj = ω k ω k −ω j and n 1 n 2 · · · n m n m+1 n m+2 · · · n N being a permutation of 1 2 · · · N. It is clear that, by simultaneously using eqn. . To this end, however, it is needed to represent the state vector (4.1) through some continuous variables which are related to the coordinates of spin CS model. Therefore, we consider polynomial functions like ψ(z 1 , z 2 , · · · , z m ; γ 1 , γ 2 , · · · , γ m ), which depend on several continuous variables (z i ) as well as spin variables (γ i ) and satisfy the following symmetry condition: ψ(z 1 , · · · , z i , · · · , z j , · · · , z m ; γ 1 , · · · , γ i , · · · , γ j , · · · , γ m ) = e −iΦ(γ i ,γ i+1 ,···,γ j ) ψ(z 1 , · · · , z j , · · · , z i , · · · , z m ; γ 1 , · · · , γ j , · · · , γ i , · · · , γ m ) . (4.11) Such a polynomial would evidently generate a state vector (4.1) of S m through the prescription: ψ γ 1 γ 2 ···γm n 1 n 2 ···nm = ψ (ω n 1 , ω n 2 , · · · , ω nm ; γ 1 , γ 2 , · · · , γ m ) . Next, we focus our attention only to those states of S m , which are generated through functions of the form
where F (z 1 , z 2 , · · · , z m ; γ 1 , γ 2 , · · · , γ m ) is a polynomial with degree less than or equal to (N − m − 1) in each variable z i . Due to eqn.(4.11), F (z 1 , z 2 , · · · , z m ; γ 1 , γ 2 , · · · , γ m ) must satisfy the symmetry condition given by F (z 1 , · · · , z i , · · · , z j , · · · , z m ; γ 1 , · · · , γ i , · · · , γ j , · · · , γ m ) = − e −iΦ(γ i ,γ i+1 ,···,γ j ) F (z 1 , · · · , z j , · · · , z i , · · · , z m ; γ 1 , · · · , γ j , · · · , γ i , · · · , γ m ) . (4.14)
Now we want to restrict the action of p m [H HS ] (4.10) only on the above mentioned class of state vectors of S m . For this purpose, it is helpful to consider an identity given by
where k, n ∈ [1, 2, · · · , N] and F (z) is an arbitrary polynomial of z with degree between 1 to N − 1. By using this identity and assuming that the state vector |ψ m is gener- 
where D s , the Dunkl operators associated with dynamical spin CS model, are given by
with θ sj = zs zs−z j . Thus it turns out that, the restricted action of p m [H HS ] can interestingly be expressed through the Dunkl operators associated with dynamical spin CS model. Moreover, with the help of eqns.(4.16) and (4.13), it is easy to find that p m [H HS ] ψ(z 1 , z 2 , · · · , z m ; γ 1 , γ 2 , · · · , γ m ) Dunkl operators for which the degree of each variable z i would be less than or equal to (N − m − 1). Such eigenfunctions may be denoted by ξ λ 1 ,λ 2 ,···λm (z 1 , z 2 , · · · , z m ), where λ i s are integer valued quantum numbers satisfying the constraint: 0 ≤ λ 1 ≤ λ 2 ≤ · · · ≤ λ m ≤ N − m − 1, and can be constructed by taking appropriate linear combination of the monomial z λ 1 z λ 2 · · · z λm and other monomials of relatively lower order [11] . Moreover, at the special case λ i = λ i+1 = · · · = λ i+k , the eigenfunction ξ λ 1 ,λ 2 ,···λm (z 1 , z 2 , · · · , z m ) becomes a symmetric polynomial of variables z i , z i+1 , · · · , z i+k . The exact eigenvalues for all ξ λ 1 ,λ 2 ,···λm (z 1 , z 2 , · · · , z m ) are given through the relation [11] :
With the help of eqns.(4.19) and (4.21), it is easy to check that ξ λ 1 ,λ 2 ,···λm (z 1 , z 2 , · · · , z m ) would be an eigenfunction of H (m) HS with eigenvalue given by
where ǫ s = λ s + s. However, as mentioned earlier, it is necessary to construct the eigen-
HS which would satisfy the symmetry property (4.14) . For this purpose, we consider a 'generalised' antisymmetric projector (Λ (m) − ) obeying the following relation:
where i, j ∈ [1, 2, · · · , m]. Such a projector may be explicitly written through 'transpo-
where the series of transposition τ i 1 j 1 τ i 2 j 2 · · · τ ipjp represents an element of the permutation group (P m ) associated with m objects and, due to the summations on p and {i k , j k }, each element of P m appears only once in the r.h.s. of the above equation. For example, Λ
(2) − and Λ
− are given by: Λ
It is obvious that, at the limiting caseP ij = P ij , Λ (m) − (4.24) would reduce to the usual antisymmetriser which projects a wave function to the fermionic subspace. Next, we multiply ξ λ 1 ,λ 2 ,···λm (z 1 , z 2 , · · · , z m ) by any fixed 'down' spin configuration like |β 1 β 2 · · · β m (with β i ∈ [2, 3, · · · , M]) and subsequently apply the projector (4.24) for constructing a polynomial of the form HS and satisfies the relation (4.23), it is obvious that the polynomial F (z 1 , z 2 , · · · , z m ; γ 1 , γ 2 , · · · , γ m ) (4.25) would be an eigenfunction of H (m) HS with eigenvalue E λ 1 ,λ 2 ,···,λm (4.22) and also respect the crucial symmetry property (4.14) . By inserting (4.25) to (4.13), we finally obtain a class of polynomial eigenfunctions for p m [H HS ] (4.16) as
where ξ λ 1 ,λ 2 ,···λm ≡ ξ λ 1 ,λ 2 ,···λm (z 1 , z 2 , · · · , z m ). Now, by calculating the coefficients ψ γ 1 γ 2 ···γm n 1 n 2 ···nm (with 1 ≤ n 1 < n 2 < · · · < n m ≤ N) related to above polynomial (4.26) through the prescription (4.12), we can easily construct a class of m-magnon states which would be exact eigenfunctions of HS like spin chain (1.7) with eigenvalues given by E λ 1 ,λ 2 ,···,λm (4.22) .
Since the projector Λ (m) − (4.24) is explicitly dependent on 'anyon like' representatioñ P ij , it is clear that the presently derived eigenfunctions (4.26) would also depend on the discrete and continuous parameters which appear inP ij and corresponding Hamiltonian (1.7). However, it seems at the first sight that, the corresponding eigenvalues (4.22) of Hamiltonian (1.7) do not depend on any such discrete or continuous parameters, and exactly coincide with the eigenvalues [11, 18] 7) . Moreover, by applying appropriate descendent operators (associated with an extended Y (gl M ) Yangian algebra) on the HW states belonging to class (4.26), we should be able to find out all degenerate multiplates and complete set of eigenfunctions for the HS like spin chain. In the following, our aim is to explore these consequences of the above mentioned conjecture, by concentrating on a spin-1 2 chain with nonstandard Y (gl 2 ) Yangian symmetry.
Spectrum of a HS like spin chain with nonstandard
Y (gl 2 ) Yangian symmetry
In the previous section, we have discussed a method for constructing some exact eigenfunctions of the HS like spin chain containing (M − 1) number of free discrete parameters and (M − 1)(M − 2)/2 number of free continuous parameters. So, for the simplest M = 2 case (i.e., for spin-1 2 chain), this method could be used when the Hamiltonian (1.7) contains only one adjustable discrete parameter φ 22 (all other parameters are fixed due to condition (4.5)). For the choice φ 22 = 0, however,P ij (1.4) reproduces the standard representation of permutation algebra and leads to the original SU(2) HS spin chain. On the other hand, for the choice φ 22 = π, the action ofP ij (1.4) yields a nontrivial result which may be explicitly written as P ij | · · · 1 α i+1 · · · α j−1 1 · · · = | · · · 1 α i+1 · · · α j−1 1 · · · , (5.1a) P ij | · · · 2 α i+1 · · · α j−1 2 · · · = − | · · · 2 α i+1 · · · α j−1 2 · · · , (5.1b) P ij | · · · 1 α i+1 · · · α j−1 2 · · · = (−1) n i+1,j−1 | · · · 2 α i+1 · · · α j−1 1 · · · , (5.1c) P ij | · · · 2 α i+1 · · · α j−1 1 · · · = (−1) n i+1,j−1 | · · · 2 α i+1 · · · α j−1 2 · · · , (5.1d)
where α i = 1 (2) indicates the up (down) spin component and n i+1,j−1 represents the total number of down spins which are present in the configuration α i+1 α i+2 · · · α j−1 . By inserting this 'anyon like' representation to eqn.(1.7), we may now obtain a concrete example of HS like spin-1 2 chain. The Q matrix (2.7) associated with representation (5.1) is explicitly given by
This Q matrix can be used to construct the nonlocal operators (2.9) as well as conserved quantities (2.12) for the above mentioned HS like spin-1 2 chain. For example, when expressed through the familiar Pauli matrices (σ ± i , σ 3 i ), one such conserved quantity would be given by
Furthermore, by inserting the Q matrix (5.2) to (3.4a), one can also find out the quantum R matrix which generates the symmetry algebra of HS like spin-1 2 chain. It is evident that such symmetry algebra would be given by a nonstandard variant of Y (gl 2 ) Yangian and may be obtained explicitly by plugging ρ 11 = 1 and ρ 22 = −1 in eqn. (3.22) . Moreover, by using eqn.(3.22c) for the case n = 0, β = δ = 1 and α = γ = 2, it is easy to find that the conserved quantity (5.3), which may be regarded as a descendent operator of the above mentioned nonstandard Y (gl 2 ) Yangian algebra, obeys the following simple relation: (T 21 0 ) 2 = 0.
At present, our aim is to find out the full spectrum and complete set of eigenfunctions for the HS like chain associated with 'anyon like' representation (5.1). For this purpose, however, it is helpful to briefly review first the case of SU(2) HS spin chain which contains the standard representation of permutation algebra. Since there exist only one type of 'down' spins for this case, we must take |γ 1 γ 2 · · · γ m = |β 1 β 2 · · · β m = |22 · · · 2 in the expression (4.26). By applying now the projector (4.24) on ξ λ 1 ,λ 2 ,···,λm |22 · · · 2 , and using the fact that P ij does not pick up any phase factor while interchanging two spin components, it is easy to find that
is obtained by simply substituting τ i k j k with K i k j k in the r.h.s. of eqn.(4.24):
Thus, it is evident that Σ HS spin chain [10, 18] .
Next, we turn our attention to the HS like spin-1 2 chain associated with representation (5.1). Again, for this case, we must take |γ 1 γ 2 · · · γ m = |β 1 β 2 · · · β m = |22 · · · 2 in the expression (4.26). However, as evident from eqn.(5.1b),P ij picks up a multiplicative sign factor while interchanging two down spins sitting at i-th and j-th lattice sites. By using the expression (4.24) and taking care of the above mentioned sign factors, we easily find that Λ (m)
where Σ (m) + = p {i k ,j k } K i 1 j 1 K i 2 j 2 · · · K ipjp . Evidently, this Σ Thus, the insertion of (5.5) to (4.26) would generate nontrivial polynomials of the form
where λ i s can take all values within the range 0 ≤ λ 1 ≤ λ 2 ≤ · · · ≤ λ m ≤ N − m − 1. By using the prescription (4.12), one may now easily construct the m-magnon states (denoted by |ψ λ 1 ,λ 2 ,···λm ) corresponding to polynomials ψ λ 1 ,λ 2 ,···λm (z 1 , z 2 , · · · , z m ; 2, 2, · · · , 2) (5.6).
Such |ψ λ 1 ,λ 2 ,···λm would represent a class of exact eigenfunctions for the HS like spin-1 2 chain with corresponding eigenvalues given by E λ 1 ,λ 2 ,···,λm (4.22) . It is interesting to notice that, due to the absence of constraint which led to a 'selection rule' for the case of SU (2) HS spin chain, some additional energy levels now appear in the spectrum of this HS like spin-1 2 chain and the occurrence of any number of consecutive '1's is allowed in the corresponding motif picture. As a result, we may freely put '0's and '1's for constructing a motif of length N − 1. Obviously, 2 N −1 number of such distinct motifs (including the '00 · · · 0' motif, which is related to the trivial m = 0 sector) can appear in a system of N lattice sites. So, due to our conjecture in sec.4, the full spectrum of HS like spin-1 2 chain would be generated by these 2 N −1 number of motifs or energy levels. Moreover, the eigenfunctions |ψ λ 1 ,λ 2 ,···λm related to the polynomials (5.6) would represent the HW states of nonstandard Y (gl 2 ) algebra. Consequently, by applying the descendent operator T 21 0 (5.3) on these |ψ λ 1 ,λ 2 ,···λm , one can construct the following eigenfunctions for the HS like spin-1 2 chain:
Due to the relation (T 21 0 ) 2 = 0, it is not possible to obtain any nontrivial eigenfunction by applying T 21 0 on the state |ψ ′ λ 1 ,λ 2 ,···λm (5.7). However, it is worth noting that the total number of eigenfunctions associated with eqns.(5.6) and (5.7) is 2 N , which is exactly same as the dimension of Hilbert space for a spin-1 2 chain. Therefore, eqns.(5.6) and (5.7) are in fact giving us complete set of eigenfunctions for the present HS like spin-1 2 chain. Furthermore, the two degenerate eigenfunctions |ψ λ 1 ,λ 2 ,···λm and |ψ ′ λ 1 ,λ 2 ,···λm would form a two-dimensional vector space carrying an irreducible representation of nonstandard Y (gl 2 ) Yangian algebra. Thus we curiously observe that, every motif of HS like spin-1 2 chain is associated with a two-dimensional irreducible representation of nonstandard Y (gl 2 ) algebra. It is also clear from eqn.(4.22) that, the doubly degenerate ground state of this spin chain is represented by the '11 · · · 1' motif with energy eigenvalue E 0,0,···,0 = N(1 − N 2 )/6.
Next, for the purpose of illustrating the above mentioned results through a simple example, we want to explicitly find out all eigenfunctions of HS like spin- By applying now the prescription (4.12) to the case of above polynomials, we can explicitly construct the HW eigenfunctions associated with '100', '010' and '001' motifs as
Moreover, with the help of eqn. (4.22) , it is easy to find that E 0 = −3, E 1 = −4 and E 2 = −3 are the energy eigenvalues for the states |ψ 0 , |ψ 1 and |ψ 2 respectively. Subsequently we consider the m = 2 sector, where the quantum numbers λ 1 , λ 2 are permitted to take all values within the range: 0 ≤ λ 1 ≤ λ 2 ≤ 1 and the corresponding eigenfunctions of Dunkl operators are given by: ξ 0,0 = 1 2 , ξ 0,1 = 1 3 (z 1 + 2z 2 ) and ξ 1,1 = z 1 z 2 2 . Insertion of these eigenfunctions to eqn.(5.6) yields ψ 0,0 (z 1 , z 2 ; 2, 2) = Z , ψ 0,1 (z 1 , z 2 ; 2, 2) = (z 1 + z 2 ) Z , ψ 1,1 (z 1 , z 2 ; 2, 2) = z 1 z 2 Z , (5.10) where Z = z 1 z 2 (z 1 − z 2 ). By applying again the prescription (4.12) to the above polynomials and also using eqn. (4.22) , it is straightforward to construct the HW eigenfunctions associated with '110', '101' and '011' motifs as 
By applying again the prescription (4.12) to this case and using eqn. (4.22) , it is easy to construct the HW eigenfunction associated with '111' motif as |ψ 0,0,0 = |2221 − |1222 + |2122 − |2212 , (5.13) and see that the corresponding eigenvalue is given by E 0,0,0 = −10. From the above discussion one finds that a total number of eight HW states are available in m = 0, 1, 2, 3 sectors. So, by using eqn.(5.7), one can obtain the degenerate multiplates associated with these HW states as
Thus, we are able to explicitly derive here all eigenfunctions for the HS like spin-1 2 chain containing four lattice sites. The wave functions |ψ 0,0,0 (5.13) and |ψ ′ 0,0,0 (5.14) evidently represent the doubly degenerate ground state for this spin chain.
It should be noted that, the spectrum of any HS like spin with nonstandard Y (gl M ) (with M > 2) Yangian symmetry can also be obtained very easily by applying the same arguments which we have used for M = 2 case. The Hamiltonian of spin chain (1.7) with nonstandard Y (gl M ) Yangian symmetry must contain at least one discrete parameter (say, φ µµ ) which takes the value π. Now, by choosing |β 1 β 2 · · · β m = |µµ · · · µ in eqn.(4.26), we find that Therefore, the motifs corresponding to HS like spin chain with nonstandard Y (gl M ) Yangian symmetry can also be constructed in exactly same way as they are constructed for spin chain with nonstandard Y (gl 2 ) symmetry. However, for M > 2 case, the number of degenerate eigenfunctions associated with a motif or corresponding HW state could be much higher than that of the simplest M = 2 case.
Finally, we wish to establish a relation between some HS like spin chains belonging to class (1.7) and SU(K|M − K) supersymmetric HS models [18] . For defining this SU(K|M − K) supersymmetric HS model, one uses creation (annihilation) operators like C † iα (C iα ) which creates (annihilates) a particle of species α on the i-th site. Such creation (annihilation) operator would be bosonic if α ∈ [1, 2, · · · , K] and fermionic if α ∈ [K + 1, K + 2, · · · , M]. Moreover, only those states in the related Fock space are allowed for which the total number of particles per site is always one:
for all i. With the help of above mentioned creation and annihilation operators, it is possible to obtain a realisation of permutation algebra (1.3) aŝ
The Hamiltonian of SU(K|M − K) HS model [18] is obtained by simply substitutingP ij To this end we notice that, due to the constraint (5.16), the Hilbert space associated with Hamiltonian (5.18) can be spanned through the following orthonormal basis vectors:
where |0 is the ground state and α i ∈ [1, 2, · · · , M]. So, it is possible to define a one-to-one mapping between the state vectors of above mentioned Hilbert space and those of the Hilbert space associated with HS like spin chain (1.7) as
Now, by using eqns.(1.4) and (5.17) , it can be shown that the relation given by
would be satisfied for all |α 1 α 2 · · · α N and |α ′ 1 α ′ 2 · · · α ′ N , provided we fix the values of continuous and discrete parameters appearing in the phase factor (1.5) as: φ αα = φ αβ = π if α, β ∈ [K + 1, K + 2, · · · , M] and φ αα = φ αβ = 0 for all other values of α and β.
Thus we interestingly observe that, for the above mentioned choice of continuous as well as discrete parameters, the HS like spin chain (1.7) becomes exactly equivalent to the supersymmetric HS model (5.18) . Consequently, these two models would share the same spectrum and the energy eigenfunctions for these two models would also be related through the mapping (5.19) . In particular, it may be checked that the SU(1|1) supersymmetric HS model becomes equivalent to the HS like spin-1 2 chain which we have considered in this section. Therefore, the known spectrum and eigenfunctions [18] for this SU(1|1) supersymmetric HS model can easily be reproduced from the spectrum and eigenfunctions of HS like spin-1 2 chain with nonstandard Y (gl 2 ) symmetry. It is also worth observing that, for any value of K ∈ [1, 2, · · · , M − 1], the SU(K|M − K) supersymmetric HS model becomes equivalent to a HS like spin chain obeying nonstandard Y (gl M ) Yangian symmetry. So, a class of exact eigenfunctions for such SU(K|M − K) supersymmetric HS model can easily be constructed by using the polynomial eigenfunctions (5.15) and mapping (5.19) . Moreover, the spectrum of this SU(K|M −K) supersymmetric HS model would again be given by eqn. (4.22) , when λ i s take all possible values within the range: 0 ≤ λ 1 ≤ λ 2 ≤ · · · ≤ λ m ≤ N − m − 1.
Concluding Remarks
Here we construct a class of integrable Haldane-Shastry (HS) like spin chains possessing extended (i.e., multi-parameter deformed or nonstandard) Y (gl M ) Yangian symmetries.
The nonlocal interactions of these spin chains are interestingly expressed through some 'anyon like' representations of permutation algebra, which pick up nontrivial phase factors while exchanging the spins of two lattice sites. Furthermore, the above mentioned phase factors depend on M(M −1)/2 number of continuously variable antisymmetric parameters (φ γσ ) and M number of discrete parameters (φ σσ ) which can be freely chosen as 1 or −1.
We establish the integrability of these HS like spin chains, by finding out the associated Lax equations and conserved quantities. However, it turns out that such spin models also possess a few additional conserved quantities which are not apparently derivable from the Lax equations. These additional conserved quantities play a significant role in constructing the symmetry algebra of HS like spin chains through the quantum Yang-Baxter equation. It is found that, depending on the choice of related discrete parameters (φ σσ ), such a spin chain would respect either a multi-parameter deformed or a nonstandard variant of Y (gl M ) Yangian symmetry.
Next we investigate whether these HS like spin chains can also be solved exactly in analogy with their standard counterpart. It is well known that, by antisymmetrising the eigenstates of Dunkl operators associated with spin Calogero-Sutherland model, one can construct a class of exact eigenfunctions for the SU(M) HS spin chain [11] . By following a similar approach and projecting the eigenstates of Dunkl operators through some 'generalised' antisymmetric projectors, we are able to derive a class of exact eigenfunctions To illustrate this point through a particular example, we derive the full spectrum and complete set of eigenfunctions for a HS like spin-1 2 chain having nonstandard Y (gl 2 ) Yan-gian symmetry. It turns out that some additional energy levels, which are forbidden due to a selection rule in the case of SU(2) HS model, interestingly appear in the spectrum of the above mentioned HS like spin chain.
We also find out a remarkable equivalence relation between some HS like spin chains with nonstandard Y (gl M ) symmetry and supersymmetric SU(K|M − K) HS models.
This relation enables us to derive the full spectrum and a class of exact eigenfunctions for supersymmetric HS models. In particular, the equivalence between HS like spin-1 2 chain with nonstandard Y (gl 2 ) Yangian symmetry and SU(1|1) HS model leads to an elegant way of constructing the spectrum and eigenfunctions for the latter case. We may hope that, the equivalence between HS like spin chains with nonstandard Y (gl M ) Yangian symmetry and supersymmetric HS models would also help to uncover a deep connection between nonstandard and supersymmetric Yangian algebras. In fact it is already known that, by applying the general algebraic principle of 'transmutation' [36] , it is possible to establish a connection between a nonstandard version of U q gl(2) quantum group and supersymmetric U q gl(1|1) quantum group [37] . So it is natural to expect that a similar connection might be established between some nonstandard variants of Y (gl M ) Yangian algebra and supersymmetric Y (gl K|M −K ) Yangian algebra. The representations of these two type of Yangian algebras may also be linked to each other and may further be used for classifying the degenerate multiplates of corresponding spin chains. Moreover, it might be interesting to investigate various dynamical correlation functions and thermodynamic quantities of such HS like spin chains in connection with fractional statistics. Finally, we hope that it would be possible to find out many other quantum integrable spin chains and dynamical models, which would exhibit the extended Y (gl M ) Yangian symmetries.
